Middle nucleus—Center in a simple Jordan ring  by Kleinfeld, Erwin
JNRNAL 01: ALGEHRh 1, 40-42 (I 964) 
Middle Nucleus-Center in a Simple Jordan Ring” 
ERWIN KI~EINFELD 
Let R be a Jordan ring, N its middle nucleus, and C its center. Oehmke 
and Sandler [2] have shown that if R is also a simple, finite dimensional 
algebra of characteristic # 2,3 then N = C. Their proof depends on the 
known structure of simple Jordan algebras. Albert [I] has given a second 
proof of this result, valid also for characteristic 3, using theorems on trace 
functions. \Ve have generalized their results by means of the following: 
THEOREM. In a simple Jordan ying of characteristic # 2 the middle nucleus 
and center coincide. 
The proof of this theorem does not depend on the structure of simple 
Jordan rings, as indeed little is known about it. The argument is 
quite elementary and short. We shall base it on two results in Albert’s 
paper [I]. One is his equation (2) which, rewritten in associator form, becomes 
(x, wy, 27) = w(x,y, z) + y(x, w, z). (1) 
This identity is valid in every Jordan ring R. 
Also we require the following: 
LEMMA (Albert). For $xed n in N, the additive subgroup B generated by 
all elements qf the form (n, R, R) is an ideal of R. 
This lemma requires the assumption of characteristic f 2. 
In an arbitrary ring, not necessarily Jordan, the following identity is valid. 
Namely, 
F(w, x, y, 4 = (wx, Y, z) - (w, KY, 4 + (w, x, YZ) 
- w(x,y, z) - (w, x,y) z = 0. 
From 0 = F(x, n, y, z), it follows that (xn, y, z) = (x, ny, z) + x(n, y, z). 
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However, as a consequence of(l), (x, ny, 2) = n(x, y, 2) for arbitrary elements 
s, y, - * in R and n in N. Thus we have shown that 
G(n, x,y, z) = (na, y, z) - n(x,y, 2) - x(n, y, 2) = 0. (2) 
Given arbitrary elements a, b, x, y in R and n in LV, we shall now expand 
u” := h (n(9, a, b), x,y) in two different ways. Since 
(~9, a, b) = G(n, ~2, a, b) + 2n(n, a, b) = 24~2, a, b), 
we have x = (n2(n, a, b), x, y). It follows from (1) that nz is an element of N. 
Hence G(+, (n, a, b), x,y) = 0, and so we get 
z = n”((n, a, b), x, y) $- (n, u, 6) (9, x, y). 
But G(n, n, x,y) = 0, yields (9, x,y) = 2n(n, x,y). Consequently we have 
shown that 
x = n2((n, a, b), x,y) + 2(n, a, b) n(n, x, y). (3) 
Going back now to the original definition of z, we apply 
thus obtaining 
G(n, (II”, a, b), x, y) = 0, 
z = 4 (n2, a, 6) (n, x,y) + ;- a((+, a, b), x,y). 
As before we may replace (9, a, b) by 2(n, a, b) n, SO that 
z = (n, a, 6) n(n, x,y) + n(n(n, a, b), x, y). 
Since 
we have 
G(n, (n, a, b), x, Y) = 0, 
(n(n, a, b), x, y) = (12, a, 6) (n, s, y) -t n((n, a, b), x’, y). 
Therefore 
x = (n, a, 6) fi(n, x-3 y) + n * (a, a, b) (a, -2^, Y) -t n'((n, a, b), x, Y). 
In other words 
2 = n'(h a, 4, x, y) + (n, a, b) n(n, x, y) + n . (n, a, b) (n, x, y). 
Comparing (3) and (4), we see that 
h a, 4 n(n, x, Y) = n . (n, a, 6) (n, x, y). 
(4) 
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But then 
(n, (a, 4 h), (n, x, Y)) = 0. (5) 
Let n be a fixed element of N. Define B as in the lemma. Assuming R is 
simple, either B = R or B = 0. Let us assume B = R. Then combining (5) 
with the lemma it becomes clear that (n, B, B) = 0, so that (n, R, R) = 0. 
But then B = 0, which is a contradiction unless R = 0. In any event we 
have proved B = 0, and this is equivalent to N = C. 
This result is of interest in studying the collineation groups of Jordan 
division ring planes [2]. 
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